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o 

(•~^ ■ hole wave functions for the scalar, the vector and the tensor expansion modes are 

^ . computed assuming a small gauge coupling which leads to an effective decoupling 

of gravity and YM theory. These results are used to determine the wormhole ver- 
tices and the corresponding effective operators for the lowest expansion mode of 
each type. For the lowest scalar mode we find a renormalization of the gauge cou- 
ly[^\ pling from the two point function and the operators tr(F^), tr(F^F) from the three 

point function. The two point function for the lowest vector mode contributes to 

, . ■ the gauge coupling renormalization only whereas the lowest tensor mode can also 

r^ , generate higher derivative terms. 



In this paper wormhole effects on S0{3) YM theory are examined. The worm- 



1 Introduction 

Great interest has been devoted to the question of topology change in space time and its 
effects on low energy field theories. In the framework of Euklidean path integral for gravity 
wormholes appear as stationary points which can cause a small baby universe to branch 
off from a large smooth universe. In the semiclassical approximation the effect of these 
wormholes on the low energy theory can be determined |jl| resulting in an infinite number 
of local operators, one for each type of wormhole. These effective operators are multiplied 
by unknown parameters a which describe the "wormhole content" of the universe and 
are unobservable from the large universe point of view. It has been argued that this can 
introduce a new uncertainty into physics [|l], 0] in addition to that of quantum mechanics. 

However, using the Hartle-Hawking wave function of the universe [Q Coleman |Q 
has proposed a method to fix this uncertainty. In his scenario a probability distribution 
for the a's is computed in an effective theory consisting of the original theory and the 
wormhole induced operators. He showed that the probability distribution is peaked on 
a subspace of a's which corresponds to a vanishing cosmological constant. Furthermore, 
restricting to this subspace one might be able to fix the a's completely and hence all 
other constants of nature. Such a reasoning can e. g. be used to explain why Oqcd 
takes a CP conserving value [^]. Though Coleman's argumentation has been criticized by 
several authors it still appears to be very attractive because of its ability to solve long 
outstanding theoretical problems. 

Clearly, its application requires an understanding of the wormhole induced operators 
and their relation to the wormhole states. Such an analysis has been carried out for a 
conformally coupled scalar field [|l|, for fermions |^, for gravitons 0] and for electro mag- 
netism Q. In this paper we are interested in wormhole effects on YM theory which we 
study by looking at the simplest gauge group S'0(3). We will not touch the questions 
related to the validity of the semiclassical approximation. Instead we assume a wormhole 
scale safely below the Planck scale. It should be stressed that the semiclassical approxi- 
mation for YM theory can differ substantially from electromagnetism. This arises because 
for YM theory on a space with spatial topology S^ gauge freedom allows for a nontrivial 
symmetric state around which the expansion is carried out. E. g. in contrast to electrody- 
namics YM perturbations do not decouple from gravity and in the 5*0(3) case harmonics 
up to spin 2 (tensor harmonics) appear in the expansion. However, here we will assume a 
small gauge coupling which causes an effective decoupling of gravity and YM theory and 
makes the equations analytically solvable. In this approximation the general wormhole 
wave function solution of the Wheeler-De Witt equation is determined for the scalar the 
vector and the tensor perturbations. It is used to compute the wormhole vertex of the 
lowest mode for each type of perturbation. 

Symmetric Einstein- YM (EYM) theory on a space with spatial topology S^ has been 
constructed in ref. [|1^. In ref. [|ll[] this construction has been applied to determine 



the Hartle-Hawking wave function for the gauge group S'0(3). A generalization which 



includes perturbations has been given in ref. |]T2|. In the next section we will briefly review 



some results of these papers which we will need. Our main goal is to find the wormhole 



vertex 



<Q\A^,{yi)---A^Syk)\^> = 

d[h]d[AQ]m[h, Ao] / d[g\d[A]A^, (yi) ■ ■ ■ A^^{yk) exp(-5s[^, A]) 



The second path integral on the RHS of this expression has to be carried out over all 
4-geometries (metric g) which are bounded by a three sphere S^ and approximate flat 
space at infinity. Analogously, the gauge field A should match its value Aq on S^ and tend 
to zero asymptotically. The exponent Se is the Euklidean action of these 4-configurations 
which relate the baby universe state specified by the wave functional \l/ to flat space. This 
wave functional will be determined in section 3. In section 4 we describe the semiclassical 
approximation for the path integral. Wormhole effects for the two- and three-point func- 
tion induced by the symmetric mode are discussed in section 5 and section 6 will extend 
this to the lowest vector and tensor mode. We conclude in section 7. Two appendices are 
also added which fix the geometry of 5*^ as a coset space and the conventions for harmonic 
expansion on it. 

2 Harmonic expansion of 5*0(3) YM-theory 

In this section we present the basic formulae for the harmonic expansion of 5*0(3) YM- 
theory on a space with spatial geometry S^ which have been derived in ref. jT^. Our 
conventions concerning the geometry of S^ and the harmonics are summarized in appendix 
A. 

The gauge field A = Aodt + AqUj"" is splitted into a symmetric part A^^^ and perturba- 
tions A 

A = A'-^^ + A (2) 

4°^ = [l + x(t)]T,. (3) 

Here A^^^ has the property that its change under G = SUl{'2) x SUr{2), the symmetry 
group of S^, can be compensated by a suitable gauge transformation. The expansion for 
A reads 



Ao = [V2anS^ + f^r^P^n (4) 

^acb-'- b 



Aa = -^iJatQ^'n 



^ on 1^ ^ pra 



+finG:,n + -^^ns:,T, + VQinP:,% . (5) 

The Lifshitz-harmonics are denoted by Q,P, S and G and we have chosen a simplified 
notation where all relevant indices including even/odd are hidden in n. All expansion 
coefficients are constant on the coset and depend only on time. They split into scalar- 
coefficients (7,^,0", /3), vector-coefficients (i/, p, a) and a tensor-coeflficient (/i). These 



three types completely separate from each other when the Lagrangian is computed up to 
second order in the perturbations. Here we will not reproduce this Lagrangian which has 
been determined in ref. |T^ since in view of the wormhole wave function we are mainly 



interested in the Hamiltonian. To proceed in an explicit gauge invariant way we study 
the effect of an infinitesimal gauge transformation (5y4^ = V ^U — [[/, A^], U = UaTa on 
the perturbations : 



SUn = Wn , San = Wn , 5pn 

where we have expanded 



M = V,t/ - 


[U,A^], U = 




5l3n = Vn, 


Wn + nWn , 


SUn = , 



(6) 



Ua = -^VnP: + V2WnS^ . (7) 

These transformations suggest the introduction of gauge invariant variables which are 
particular useful to formulate explicitly invariant wave functions. A possible choice is 

Tn = 7n + 2^„ , Bn = (3n + 3% , Sn = (Jn + 3x7n , /gN 

An = a„ - Z>„ Rn = pn- ^X^n - UVn ■ 

For the n = 2 scalar- and vector-coefficients a special treatment is necessary since neither 
^2 nor z/2 appears in the Lagrangian. We define 

s = -(\cr, + xi2) , r = -ipi'^-xpi"^), (9) 

e Vo / e 

where (e)/(o) refer to the even/odd component of a perturbation. 
For the gravitational part we assume a metric of the form 

i. e. we will neglect gravitational perturbations. Therefore, in addition to the decoupling 
of the symmetric quantities a and x by means of conformal invariance of YM theory |l^ 



we demand a decoupling of the corresponding perturbations. According to ref. |]T2| this 



arises automatically if the field x is assumed to be close to one of its "classical" values 
X = ±1. This assumption is well justified for a small gauge coupling e in which case 
the wave function for x is strongly peaked around these values [0 (see eq. (|l^) below). 
Consequently, as long as perturbations are concerned we assume that x = X = il- 

3 Hamiltonian and Wormhole Wave Function 

Working with the unperturbed metric (0) the Hamiltonian shows the following structure : 



In the gauge Nq = a the Hamiltonians for the symmetric degrees of freedom a and x read 



'Hqym 



2 



-vr; 



(14 + 6^) 



with 



1 



^-2^^^-'-'^'- 



(12) 



(13) 



Using the hnear Hamihonian constraints enforced by the Lagrange multiphers a„ and (3. 

Til") 

n 



"a 

,{n) 



2X7rp„ + vr^„ + n^p^ 



(14) 



it can be shown that the wave function should only depend on the gauge invariant combi- 
nations defined in (^ and (^). This fact can be used to rewrite the quadratic Hamiltonians 



7^2 =^ Ti.^"'^ +^ 7i*^"^ +^ Ti*-"^ exclusively in terms of these combinations : 






e^ 1 



2e'n 



2^2 



77.2 -4 
„2 






^7ri?„ + -TTiJ^TTR^ 



+ —[n'Rl-2nxRnRn] 



(15) 



l^J^^f^r^ + ^(^^^ + ^)^k + 6xvrr„vr5„ 



+ — [(n2-4)r^ + 5^ 



In these expressions a sum over even/odd is implied and the tilde operation is defined by 
p(pven/odd) _ ^(odd/even) ^^^ ^ generic perturbatiou Pn- The n = 2 vector and scalar part 
has to be treated separatly. In terms of the variables defined in (^ the Hamiltonians take 
the simple form 

yn(') = ^^^ + r\ ^n^^) = h^^^ + s') . (le) 



We are now ready to compute the wormhole wave function \I' subject to the Wheeler- 
De Witt equation 

H<il = (17) 

which enters the expression (|l|) for the wormhole vertex. It can be written as a product 
^ = \&o(fl; x)^2(p) with wave functions \E'o and "$2 for the symmetric fields and the 
perturbations, respectively. Let us first concentrate on \E'o- The only nonlinear term in 
H is contained in the potential ([T3|) for the symmetric field x- However, in the case of 
a small gauge coupling which we assume here we can neglect tunneling between the two 
minima at x = ±1. Then the field x sits close to one of these minima and approximately 
feels the linearized potential 



V+ 



:(XT1)^ 



Under this assumption we easily find a complete set of harmonic oscillator solutions 
for(0) 

^o,±kGrkso ~ ^fcG.(a)^%o(^±)exp(^--(a^ + (7|)j (19) 

a± = ^(±x-l), (20) 

e 

where Hk are the Hermitian polynomials and we have omitted the normalization constant. 
The label ko is interpreted as the number of x quanta in the wormhole. Their eigenvalues 
are given by 

Eo = -kar + 2kso + - . (21) 

Now we turn to the perturbations. To simplify the notation from now on we will stick 
to a certain mode and drop the index n. We write the separation ansatz 

^2 =' ^(r, S) ^^(i?e, Ro) ""^(/ie, /io) (22) 

which automatically fulfills the two constraints ([I^). The diagonalization of the kinetic 
terms and the potentials in the quadratic Hamiltonians (|T^) is straightforward. For n > 2 
we find the eigenmodes 



1 h±x. , 



1 / 1^2 — 4 



corresponding to eigenvalues 

Et = {kT+ + -)in + x) + ikT- + -){n-x) 

Ev = ikv+ + kv- + l)n (24) 

Es = iks+ + \)in + l) + iks- + ^)in~l). 

The wave function is given by harmonic oscillator solutions in the above eigenmodes. The 
Wheeler-De Witt equation (O) is satisfied if all energies sum up to zero : 



kcr = 2kso + kT+{n + x) + kT-{n - x) + {kv+ + kv-)n + ks+{n + 1) + ks-{n - 1) . (25) 

We have assumed that the ground state energy is canceled by a suitable renormalization. 
Again the case n = 2 needs a special treatment : The coefficients r and s in eq. {^ 
are already chosen as eigenmodes of the Hamiltonian (0) with energies 

Es = 3iks + ^), Ev = 2{kv + ^). (26) 





v = o 


?7 — > oo 


EOM 
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flO 


oo 


a" = a 
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Xo 


±1 


X" = dV/dx 
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To 





r" = Ar 


/^± 


/iO± 





/i'4 = (3±x)V 



Table 1: Boundary conditions and equations of motion for the lowest modes 



In the following we will be interested in wormholes which contain quanta from the 
lowest mode in each the scalar-, the vector- and the tensor sector. For the scalar sector 
this lowest mode (n = 1) is just the symmetric field x- The lowest vector- and tensor 
modes are the ones for n = 2 and tt, = 3, respectively. For later reference we collect some 
of the above results to write the properly normalized "lowest n" wave function : 



m 



{YM) , 

±kskvk+k_ \^±y ^y f^+y f^- 



with the normalization constant 



N 



N{k) 



N{kGr)Hka,{0')exp i--c 

NHksicr±)Hkyir)Hk^{fx+)Hk_ifx.) 

X exp ("2 (4 + r^ + /i+ + /i^)j 
N{ks)N{kv)N{k+)N{k^) 



(27) 



(2^ 



1 



1 



and kcr given by 



kcr = 2ks + 2kv + (3 + x)k+ + (3 



X)k~ 



(29) 
(30) 



4 Semiclassical Approximation 

As a next step in the calculation of the wormhole vertex we have to determine the saddle 
point of the path integral in eq. (|l|). For this the Euklidean equations of motion subject 
to appropriate boundary conditions have to be solved. At conformal time rj = the 
solutions should match the geometry and the particle content specified by the wormhole 
wave function whereas ai rj —>■ oo flat empty space should be approximated. For the scale 
factor a and the lowest n YM modes these boundary conditions and the equations of 
motion are summarized in table |l[ The solutions are 



a = aoexp(?7) , x± = ±1 ± 



Vq 



c^oi- 



'^o- 



l^± = l^o± 



aoy3±x) 
a J 



(31) 



leading to an Euklidean action of 



S 



E,± 



/ 2 I 2 I 2 I 2 I 2 ^ 

[aQ + aQ^ + r +fi^ + fi_^ 



(32) 



These solutions can be inserted into the harmonic expansion for the gauge field (^ and (|^) . 
For the vector modes we have a gauge freedom from the infinitesimal transformation (|^). 
It allows us to set Aq = and to write A^ in the specific form 



A±Ay) 



i±i±4^o±^ 



Vq 



T 



+ 4^^°V 



x)DT\^iy)) + (1 + x)DT\^iy))] eactT, 



+e 



V3 + x V a/ 
4 



cq 

(3+x) 

] D^JZaMy)) 



/^0+.(P9) /^^^ '" ' "' ^(2|20) 



^^5-^''^V""flS„(-(y)) 



v'3^^ 



{afe)(pg)^ 
{2|02) 



a J 



(33) 



Here we have used the formulae ( |A.13D and ( |A.14| ) from appendix A. The sphere S"^ 
is thought of being embedded in 4-dimensional flat space centered around Xq and is 
parameterized by the four vector y : o? = {xq — hY- The correspondence between y and 
a group element g G SU{2) = S^ is fixed in appendix B. 

Before we specify eq. (|T]) for the wormhole vertex we remark that the path integral 
has to be carried out over all insertion points xq. This integration ensures momentum 
conservation of the result. Furthermore we note that all gauge fields which arise from 
eq. (|33D by a SUl{2) x SUji{2) rotation are solutions of the equation of motion with 
the same Euklidean action (^2]). Therefore an integration over all these configurations 
has to be performed. In order to remove the asymmetry between A+ „ and A^^a which 
differ by the pure gauge background 2Ta we carry out the gauge transformation yl_|_ -^ 
U A+U~^ — dUU~^ with U = D^{y) [D^ is the spin 1 representation of SU{2)). In addition 
this transformation causes a change in the matrices T^ 
write 



Ta -^ Dli^{y)Tb- Now we can 



< 0|tr(A^, (yi) ■■■A^^ (yk) \ ± kskyk+k^ > = 
X / dxodfx{gL)dfi{gR) Y[ Pa,/.,(a;o,yi)^a,b,(^L^) 



i=l,fc 



X tr(A±,5, (gxi) ■ ■ ■ A±^bk {d^k)) exp(-S'i5,±) 



(34) 



with g = {gLign) and the wormhole wave function as given in (pTj), (|28|). The matrices 
Pa^i rotate from a coordinate system specified by the one forms u"" on S^ to Euklidean 
coordinates in the fiat 4-dimensional embedding space and are specified in appendix B. 
Rotating by D^{gJ^^) is necessary because of the transformation property ( |A.1| ) of cu". 



In the following we will evaluate this expression for the various modes. This allows 
us to determine the effective interactions C±kgkvk+k. in the asymptotic fiat space which 
satisfy 

< 0\tT{A^,{yi) ■ ■ ■ A^^{yk))\ ± kskvk+k_ > ~ 

J d^xo <0\tT{Af,^{yi)---Af,^{yk))C±kskvk+k.{xo)\0> . (35) 

The gauge choice in eq. (^) guarantees that the path integral is performed over fields 
with d^A^ = dfj^Pa^A^^ = 0. The flat space amplitude on the RHS of eq. (|35|) should 
therefore be evaluated in a covariant gauge with a gauge fixing term (9^A")^. Clearly, 
the requirement 9^^t = does not eliminate the whole gauge freedom. For simplicity 
this remaining freedom has been chosen such that Aq vanishes. 

5 Wormhole Vertices from the Symmetric Mode % 



An evaluation of eq. (|3^) for a wormhole state containing only quanta in the symmetric 
mode X leads to 



< 0|tr(A^,(yi) • ■ ■ A^,(2/fc)| ±ks = k> 

i=l,k Pi 



{±rCik) fdx, tr(T,, ■ ■ -T.J n ^^^ (36) 



with Pi = XQ—yi and the numerical constants C{k) which result from the first integration in 
eq. (|3^) over the wormhole degrees of freedom. The matrices P^ are defined in appendix B. 
We can concentrate on the case with equal number of quanta and insertion points {ks = k). 
li ks > k the wormhole vertex vanishes by means of integration over the wormhole wave 
function. All quanta of the wormhole state have to be created or annihilated in the 
asymptotically fiat region |]l|. In the opposite case contractions in fiat space appear 
which we are not interested in. 

To calculate the integrand of eq. (|36|) for the 2- and 3-point function let us define the 
states 

\e/o, ks>=^{\ + ks>±\-ks>). (37) 

They are even (e) and odd (o) with respect to the parity P2 on S^. Asymptotically this 
parity approaches the ordinary parity in fiat space. With the help of eq. (p3.5| ) and (p3.6| ) 

we get 

<0MA,{x)AAy))\e/o,ks = 2> = ^C(2) | ^^^^'^^ ^^ (38) 

hix, y) = J dxo^-^{p.q6f,^ - p^q^) (39) 



and 



< Q\ti{A^{x)A,{y)A,{z))\e/o,k 




"^m fdxo^, X \ ^P-^^-P-^^^^ - . (40) 

The effective interactions which reproduce these aniphtudes are 

£e,fcs=3 ~ tr(F^,F,pF^^) (41) 

The parity even lowest scalar mode causes a renormalization of the gauge coupling e. 
It shows the same behaviour as the lowest modes of electrodynamics [^. From the 3- 
point function we find the two higher operators which can be written in terms of the 
field strength only. Their behaviour under parity reflects the parity of the corresponding 
wormhole wave function. 

6 Effects of the Lowest Vector— and Tensor Mode 

Finally, we are interested in the 2-point functions which result from the lowest vector 
mode To and the lowest tensor modes /io+, /^o-- 



The integration over SUl{2) x SU]i{2) in eq. (|3^ causes a contraction of the non-coset 
indices of the harmonics and the additional indices of the perturbations, e. g. leading to 
Y^q=i,2,3^0q''^0q- Therefore, if the two quanta needed for the 2-point function are excited 
in different components of rog (or /io+,g, f^o-,q) the wormhole vertex vanishes by means of 
orthogonality of the Hermitian polynomials. Taking both quanta in the same component 
we obtain for the vector mode 

<0MA,{x)A^{y))\e/o,ky = 2>=^C{2)S^^'^l^y^ |^| , (42) 

where we have defined eigenf unctions of the parity P2 

\e/o,kv>=^{\ + kv>±\-kv>) (43) 

as we did in the scalar case. To arrive at this result we have used the explicit form of 



the harmonics (|A.15|) and appendix B. Again only the parity even modes contribute to 
the renormalization of the gauge coupling. For a different (but covariant) gauge choice 
as that fixed by eq. (|33|) we could have generated an additional contribution to the gauge 
fixing term {dp^Al)'^, i. e. a renormalization of the gauge fixing parameter. The simplicity 
of this result is due to the fact that for x = 1 (x = — 1) only the pure right handed (left 
handed) vector harmonics appear in the expansion (P3|). If deviations of x from ±1 are 
taken into account higher dimensional corrections to this result can be expected. 

9 



Even with out such generahzations the tensor modes show a less trivial behaviour. The 
states |±, k± = 2,k^ = > will project the terms with {xo—y)~^ out of the expansion ( p3D 
and lead to higher derivative operators. The other states 

|e/o, kT = 2>= -^{\ + k- = 2k+ = 0>±\~k+ = 2k- = 0>) , (44) 

however, show the familiar behaviour 



^^^^M (o) 



<0MA,{x)A,{y))\e/o,kT = 2>=,^^Ci2)\ '^^^'^^ J^^ . (45) 



which can be seen by using (|A.15|) and appendix B. 

7 Conclusion 

In this paper we have computed the wormhole wave function for 5*0(3) YM theory in 
the case of a small gauge coupling. In that case we found it to be well approximated by 
harmonic oscillator wave functions. 

This wave function has been used to determine the wormhole vertex and the corre- 
sponding flat space effective interaction for the lowest mode of each type of perturbation. 
We found the parity behaviour of these effective interactions to reflect the 5*^ parity be- 
haviour of the wave function. In particular, only the parity even wave functions generate 
a renormalization of the gauge coupling from the 2-point function. While this renormal- 
ization exhausts the effects from the lowest scalar and vector 2-point function the lowest 
tensor mode can also contribute to higher dimensional operators with additional deriva- 
tives. In addition, we calculated the 3-point function for the lowest scalar coefficient (the 
symmetric mode). We found the operators tr(F^) and tr(F^F) from the parity even and 
parity odd wave function, respectively. 

The minisuperspace wave function of the universe for 5*0 (3) YM theory as it has been 



proposed in ref. |]TT| shows a degeneracy in the two minima x = il of the symmetric mode 
X which results from parity invariance. This might give rise to an indeterminacy in fixing 
the constants of nature in the sense of Coleman. However, this fixing has to be performed 
in an effective theory taking into account all wormhole induced interactions. One can 
hope that due to the parity violation of the second operator above such a degeneracy can 
be lifted. 

A departure from a small gauge coupling would complicate the situation substantially 
since gravity and YM expansion modes would be coupled. We have not addressed this 
situation here. Clearly, the wave function would be much less simpler in such a case. 
Concerning the wormhole vertex one can expect effective operators coupling gravity and 
YM with each other which might be an interesting aspect for future studies. 



10 
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Appendices 

A Coset Geometry and Harmonic Expansion on S^ 

In this appendix we will briefly develop the geometry of S^ as a coset space and discuss 
harmonic expansion on this space. In particular the relation between the various types of 
harmonics used in the literature [0, |1^, |T^ will become transparent. 

To follow the formalism of ref. |]T3| we identify S^ with the coset G/H where G = 
SULi2) X SUr{2) = {g = {gL,gR)\gL,gR e SUi2)} and H = SUni2) = {ih,h)\h e 
SU{2)}. The representatives of the coset elements are flxed by the map a : cr{{gL, gRjH) = 
{e-,gRgj})- This deflnition immediately shows how to identify S"^ with SU{2). We will 
use this identiflcation in the following to denote a coset element represented by (e, y) just 
as 1/ G SU{2). An element g = {gL, gn) G G acts on the coset by left multiplication which 
we write as Pg or sometimes simply as g. A change of the representatives induced by such 
a multiphcation can be compensated by a function JF deflned by g<j{y) = a{gy)J-'{g, h). 
For our particular choice of a we flnd J-'{g, y) = {gi, gi)- 

The Lie-Algebra of G can be splitted into the Lie-Algebra of H spanned by Tq = 
Tj^) + TJ^^^ and an orthogonal coset part spanned by Tjf^ = TJ^^ — TI^^\ Here T^^^ 
and T*^^) satisfy the usual commutation relations [T^^'^'-^^jTj ' ] = eabcTJ;^'^^ and are 
normalized by tr(TJ^'^^T^ ) = '^^at- An analogous decomposition can be applied to 
the Maurer-Cartan form of G resulting in the one forms L°'{g) and L^'^^^{g) which are 
mapped to one forms e^{y) = a*L"'{a{y)), e^^^^{y) = a*L'^^^"'(a{y)) on the coset. Their 
properties crucially depend on a and JF. For the above choice we flnd that both types 
of forms are equal uj°'{y) := e^^^'^iy) = e"'{y) and satisfy the Maurer-Cartan equation 
duj"' + e°'bc^'' A tu'^ = 0. Under left multiplication a;" transforms as 

p;u;^{y)=D\gr.)tu;\gy), (Al) 

where D^ denotes the spin j representation of SU{2) and g = {gL,gR)- Tensors on the 
coset will be given with respect to the forms u"". Finally, the connection on G/H is given 

by UJabc = ^abc- 



In ref. |12| the correspondence between Lifshitz-harmonics [14| and the harmonics 



derived from the representation matrices of G |jT^ has been established up to spin J = 2 



For the scalar harmonics and the purely transverse vector and tensor harmonics it has 
been found that 

/f^in— 1 n— 1 ^ 

Qt'^y) = n' D^^^^'^\a{y)) (A.2) 
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(y) 



in^ 



(-[ IS n — i'i n |2._i n^i 



(A.3) 



i(n,e/o) I 



in^ 



4 






X 



/'qI n + 1 11 — 3 \ /o| n — 3 n+l \ 



(9192)9 



where the projection operator P 



P{aia2\qiq2) = [^(^giai<5q2a2 + ^g2aiSqia2) — 0*^91 92 '^(11(12] 



(A.4) 



(A.5) 



is needed to render the tensor harmonic G symmetric and traceless in its two coset indices. 
The matrices D^l^^'^^'> are {Jl,Jr) representations of G where the first index m only runs 
over the part corresponding to the H representation (J) C {Jl,Jr)- The harmonics S and 



G spht into even (e) and odd (o) type with respect to the parity P2 ||14[ which corresponds 
to the ordinary flat space parity. It can be thought of as exchanging SUl{2) and SUr{2). 
The other Lifshitz harmonics with longitudinal directions can be expressed as 



P^^iy) 



,^VaQ^^\y) 



P 



(n) 



aia2\q^ 



(y) 

111219 ^^ ' 



n^ — 1 



g(n,e/o) 



1 
— ( 

3 



^[v..5i:if)(y)+v.,^i:if)(y)]. 



(A.6) 
(A.7) 
(A.8) 



To get explicit expressions for the matrices D^'^^^^'^'^^ which fit to our conventions for 
the coset geometry we start with a G representation 



^(Si)(^L,^ij) = {Di'^,{gL),Di-{gn: 



(A.9) 



The spins {Jl,Jr) have to be coupled in the first pair (ns) of indices. In addition we use 
the definition of the representatives fixed by the map a and obtain 



mijpq) 



n,s 

= ^ < JmlJLPJRU > D^^'^iy) . 



(A.IO) 
(A.ll) 



In this particular form they correspond to the harmonics of ref. [|^ which have been used 
by Dowker |^ to compute wormhole effects on electrodynamics. 

Their transformation property under G can be determined from the above definitions : 



D^:!t;^-\a{gy)) = /^;^„,(^L)/^^^,(^L)«(^K)/^i't,5?(a(y)) . 



m{pq) 



m'{p'q') 



(A.12) 
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As a last step to make contact with Lifshitz harmonics one has to rotate back from the 
Cartan basis for SU{2) representations to a "tensor" basis. We will do this explicitly for 
the lowest purely transverse vector and tensor harmonics 



(2|20) f. _ pTnh\'n\ (A- 15) 



s^f"\y) = ^iD(^r(^iy))±D^T\^iy))) (A.13) 

GXi"\y) = ^P(X)(^(^))±^(X)(^(^))) (A-14) 

which we will need in our calculation. We find 

DT^iy) = 6^, 

DTKy) = DIM 

Dtf)'Uy) = P{ab\pq) 

D^S,)(y^ = T.r,sP{pq\rs)Dl{y)Dl{y) . 

B Rotation Matrices and Covariant Expressions 

In the following we will establish the relation between the coordinates of S^ specified by 
the one forms u"" and the Cartesian coordinates of the 4-dimensional embedding space. 
A four vector {p^) is mapped to a group element of SU{2) = S^ by 

{P,)^-A ^'^'^' ^' + '^A . (B.l) 

^ P^ \ -P2 + Wl Pi-W3j 

The forms a;" can be calculated in a particular coordinate system (^") with u"' = uj'^{^)d^"' . 
If A"(p, ^) denotes the transformation matrix from (^") to Cartesian coordinates the 
desired transformation relating vectors in the basis uj"" to four vectors is given by P!^{p) = 
^'^{PyO^aiO- The calculation has been carried out in ref. and results in 

Pai{p) = ^{eajiPj + SarPi) 

Pa,ip) = -^Pa. ^^-^^ 

The spin 1 representations of SU{2) can be expressed in terms of (p^) using the identifi- 
cation ( |B.1[ ) : 

Dlbip) = ^((2p4 - P^ab + 2paPb + 2pieabcPc) • (B.3) 



p2 



This allows us to explicitly handle the harmonics of eq. (|A.15|) . With the definitions 
Pip) = Pip) ^'^^ P^{p) = D^{p)P{p) we obtain 

P^M = -^Pa. ^^-'^ 
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Contracting the coset indices of the matrices P^ in an SU{2) invariant manner should 
lead to covariant expressions. In particular 

P^,,{p)P^ui(l) = -^-^{P-qS,.u-Puq,,Te^upaPpqa) (B.5) 

2 

^abcP^I,{p)P^ui'l)P^uis) = -o-T^{HP-S%-P-(lSp)+^^vpaPuqpSa) ■ (B.6) 

p q s 
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